Abstract. We prove that if P is a partial order and P → (ω) 1 ω , then (a) P → (ω + ω + 1, 4) 3 , and (b) P → (ω + m, n) 3 for each m, n < ω. Together these results represent the best progress known to us on the following question of P. Erdős and others. If P → (ω) 1 ω , then does P → (α, n) 3 for each α < ω 1 and each n < ω?
Introduction
The results presented here represent only the most recent leg of the journey begun in 1956 by P. Erdős and R. Rado when they proved the following.
Theorem 1 (P. Erdős and R. Rado, [2]). If L is a real order, then L → (ω + m, 4)
3 for each m < ω.
(A real order is an uncountable linear order all of whose wellordered and antiwellordered subsets are countable.) This result for triples stood alone for over thirty years, until 1987, when E. C. Milner and K. Prikry extended it from real orders to non-special linear orders.
Theorem 2 (E. C. Milner and K. Prikry, [7] ). If L is a non-special linear order, then L → (ω + m, 4) 3 for each m < ω.
(A partial order P is non-special if it cannot be decomposed into countably many anti-wellfounded subsets.) In particular, this implies that ω 1 → (ω + m, 4) 3 for all m < ω, a previously unknown fact. Six years later, Milner and Prikry improved on this more specific result.
Theorem 3 (E. C. Milner and K. Prikry, [8]). ω 1 → (ω + ω + 1, 4)
3 .
In 1999, we were able to increase the four to an arbitrary finite integer, but at the cost of dropping back below ω + ω in the other color.
Theorem 4 (A. L. Jones, [4] ). ω 1 → (ω + m, n) 3 for all m, n < ω.
The results presented below extend the domain of the results referenced above from that of the real orders, the non-special linear orders, or just ω 1 to that of all non-special partial orders. Even so, they fall almost unbelievably short of resolving the following.
Conjecture (P. Erdős, E. C. Milner, K. Prikry, A. L. Jones, et al.) . If P is a partial order and P → (ω)
3 for all α < ω 1 and all n < ω.
We remark that this conjecture is sharp in the sense that if P → (ω + 1, 4) 3 , then necessarily P → (ω) 1 ω . The interested reader is kindly referred to [5] for more details.
Notation
Our set theoretic notation is essentially that of [3] . If P and Q are partial orders, then let [P ] Q = {X ⊆ P | X ∼ = Q} be the set of all subsets of P which are order-isomorphic to Q. Thus, for any ordinal α, [P ] α is the set of wellordered chains of P of length α. For any ordinal α, let
If A and B are subsets of P , then by A < B we mean that each element of A is less than each element of B. If A is a subset of P and b is an element of P , then by A < b we mean that each element of A is less than b. If a is an element of P and B is a subset of P , then by a < B we mean that a is less than each element of B.
If P 1 , . . . P n and Q 1 , . . . , Q n are partial orders, then
This notation will be most useful to us when n is small and each Q i is a small ordinal. 
If P , Q 0 , and Q 1 are partial orders and m < ω, then the partition relation
Similarly, if P and Q are partial orders, κ is a cardinal, and m < ω, then the
Q on which f is constant (i.e., there is i < κ with f "[X] m ⊆ {i}). The study of these relations (and much of the notation defined above) was introduced by P. Erdős and R. Rado in [2] .
Results
This section is devoted to our proof of the following.
Proposition. If P is a partial order and P
3 , and
By a result of S. Todorčević it is enough to prove this proposition for nonspecial trees of cardinality less than that of the continuum, under the additional assumption that p = c. We do so below, and refer the reader to either [10] , [1] , or [6] for a detailed explanation of this (now somewhat standard) metamathematical reduction.
Our kind reader should be familiar with several fundamental facts.
ω is a filter base if the intersection of any finitely many of its elements is infinite. In particular, any subfamily of a non-principal ultrafilter over ω is a filter base.
The cardinal p is the pseudo-intersection number, the minimal cardinality of a filter base for which there is no pseudo-intersection. Most importantly, every filter base of cardinality less than p must have a pseudo-intersection. As usual, the cardinal c is the cardinality of the continuum. Note that
m n for all m, n < ω. If we assume either CH or Martin's Axiom (or more generally that p = c), then such filters are easily constructed.
Theorem 6 (S. Todorčević, [10]). Non-special trees are much like ω 1 in that (i) if T is a non-special tree and f : T → T is regressive (that is, f (t) < t for all t ∈ T ), then there must be
2 , and (iii) n.s. tree → (α) 2 n for all α < ω 1 and n < ω. Each part of the above theorem is a generalization to non-special trees of an important result about ω 1 :
(i) Fodor's (Pressing Down) Lemma, (ii) The Erdős-Dushnik-Miller Theorem, and (iii) The Baumgartner-Hajnal Theorem. We refer the interested reader to [3] , [2] , [1] , and [10] for more information on these and other related results.
If T is a non-special tree and P is a partial order, then a function f : T → P is said to be almost always non-increasing if for every s ∈ T the set
Corollary 7. If T is a non-special tree, W is a wellordering, and f : T → W is almost always non-increasing, then there is S ∈ [T ]
n.s. on which f is constant.
Because W is wellfounded there can be no
n.s. with a unique minimal element. Evidently f is constant on S.
By (i) we can (and do henceforth) assume that each non-special tree T is wellpruned in that T (b) = {t ∈ T | b < t} is non-special for each t ∈ T . In particular, if A < b for A ⊆ T and b ∈ T , then there must be B ∈ [T ] n.s. (namely B = T (b)) with A < B.
We now proceed to our proof of the proposition. Part (a) of the proposition will follow from Lemma A and Lemma C directly, while part (b) of the proposition will follow from Lemma B and Lemma C via a straightforward inductive argument. 
Lemma A. Let T be a non-special tree with
Proof. Let U be a non-principal ultrafilter over A. Thus, for each pair {r, s} ∈ [B] 2 , there are i r,s ∈ {0, 1} and A r,s ∈ U with {a, r, s} ∈ K i r,s for each a ∈ A r,s . For each t ∈ B, call the pair x, y good for t if
<ω , and y < t,
If x 0 , y 0 and x 1 , y 1 are both good pairs for t, then put x 0 , y 0 x 1 , y 1 if both x 0 x 1 and y 0 y 1 . Note that ∅, ∅ is a good pair for each t ∈ B.
Claim. If for some t ∈ B there is an infinite increasing sequence x 0 , y 0 x 1 , y 1 x 2 , y 2 · · · of pairs that are good for t, then either (i) or (ii) holds.
because each x n , y n is a good pair for t. This is almost enough to make
and hence (ii) holds).
Without loss of generality, we may therefore assume that for each t ∈ B there is a -maximal good pair x t , y t . Moreover, we may assume (by pressing down in B, if necessary) that x t , y t is the same pair x, y for all t ∈ B. Note that this implies that for each pair {s, t} ∈ [B]
2 , either
(1) there is r ∈ x ∪ y with {r, s, t}
2 } would make x ∪ {a}, y ∪ {s} a good pair for t, contradicting the supposed maximality of x, y for t.
Because B → (ω+ω+1) 
Proof. Let U be a non-principal ultrafilter over A. Thus, for each pair {r, s} ∈ [B] 2 , there are i r,s ∈ {0, 1} and A r,s ∈ U with {a, r, s} ∈ K i r,s for each a ∈ A r,s . Since B → (n.s. tree, ω) 2 , either
ω with i r,s = 0 for each pair {r, s}
If (1) 
Informally, n.s. tree → ((ω : n.s. tree) 2,1 , n) 3 for each n < ω.
Proof. Let ≺ be a fixed wellordering of H(c + ), the collection of all sets of hereditary cardinality not greater than the continuum. n with x y z and |x ∩ z| < |x ∩ y|. Let A n = A n (T ).
Claim. If B n is empty for all n < ω, then A n is non-empty for all n < ω. 
